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We investigate the phase structure of SU(3) gauge theory in four and five dimen-
sions with one compact dimension by using perturbative one-loop and PNJL-model-
based effective potentials, with emphasis on spontaneous gauge symmetry breaking.
When adjoint matter with the periodic boundary condition is introduced, we have
rich phase structure in the quark-mass and compact-size space with gauge-symmetry-
broken phases, called the SU(2)×U(1) split and the U(1)×U(1) re-confined phases.
Our result is qualitatively consistent with the recent lattice calculations. When
fundamental quarks are introduced in addition to adjoint quarks, the split phase
becomes more dominant and larger as a result of explicit center symmetry breaking.
We also show that another U(1)×U(1) phase (pseudo-reconfined phase) with nega-
tive vacuum expectation value of Polyakov loop exists in this case. We study chiral
properties in these theories and show that chiral condensate gradually decreases and
chiral symmetry is slowly restored as the size of the compact dimension is decreased.
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2I. INTRODUCTION
Now that the Higgs-like particle has been discovered in Large Hadron Collider (LHC)
[1, 2], one of primary interests of particle physics is to understand mechanism of dynamical
electroweak symmetry breaking. To settle down the unsolved issues including the hierarchy
problem, there have been proposed several promising courses including supersymmetric,
composite-Higgs and extra-dimensional models. Among them, the gauge-Higgs unification
with extra dimensions [3, 4] produces brilliant dynamics of gauge symmetry breaking, called
the Hosotani mechanism [4–10], with the Higgs particle as an extra-dimensional component
of the gauge field: when adjoint fermions are introduced with periodic boundary condition
(PBC) in gauge theory with a compact dimension, the compact-space component of the
gauge field can develop a non-zero vacuum expectation value (VEV), which breaks the gauge
symmetry to its subgroup spontaneously. This phenomenon originates in the non-abelian
Aharonov-Bohm effect. There have been proposed a number of BSM models directly and
indirectly based on this mechanism [11–23]
Recently, the same phenomenon has been observed in a different context. As well-known,
the imaginary time dimension is compacted in the finite-temperature (Quantum Chromo-
dynamics) QCD. When the adjoint fermion is introduced with PBC in the theory, it was
shown that exotic phases appear [24–31], where the color trace of Polyakov line takes non-
trivial VEV leading to the dynamical gauge symmetry breaking. This can be interpreted
as R3 × S1 realization of the Hosotani mechanism. Further study is now required to under-
stand detailed properties and phase diagram for this case. As for the five-dimensional gauge
theory on R4 × S1, lattice simulation is still at the stage to understand the nature of 5D
pure Yang-Mills theory. First attempt was done in Ref. [32] and recent progress was shown
in Ref. [33–56]. At the present, we have no detailed investigation on the phase structure of
the five-dimensional gauge theory with dynamical quarks.
The purpose of our work is to understand properties of gauge theories with quarks on
R3 × S1 and R4 × S1 by using effective theories and show a guideline for further lattice
simulations. We focus on the phase structure in SU(3) gauge theory by mainly using the
perturbative one-loop effective potential. When we look into chiral properties, the Polyakov-
loop-extended Nambu–Jona-Lasinio (PNJL) model [57–60] is introduced. We obtain the
phase diagram in the quark-mass and compacted-size space for several different choices of
3fermion representations and boundary conditions. In the theory with adjoint fermions with
PBC, we find rich phase diagram with unusual phases where SU(3) gauge symmetry is spon-
taneously broken to SU(2) × U(1) (split phase) or U(1) × U(1) (re-confined phase). This
result is consistent with the recent lattice simulations [27, 31] and the perturbative calcula-
tions for massless quarks [9, 10]. We show that chiral condensate is gradually decreased and
the chiral symmetry is slowly restored with the compacted size being decreased although
small chiral transitions coincide with the deconfined/split and split/reconfined transitions.
We also study phase diagram for the case with both fundamental and adjoint quarks, and
show that the split phase becomes more dominant as a result of the explicit breaking of
Z3 center symmetry. This result indicates that the SU(3) → SU(2) × U(1) phase, which
is of significance in terms of phenomenology, can be controlled by adjusting the number of
fundamental flavors. In this case we point out that another unusual (U(1) × U(1)) phase
with negative VEV of color-traced Polyakov loop emerges, which we call “pseudo-reconfined
phase”.
We note similar investigation on the phase diagram of compact-space gauge theory with
PBC fermions were shown in [24–26, 28, 30], where the authors focus on the volume indepen-
dence of the vacuum structure from the viewpoint of the large N reduction [24, 25, 62–68].
In order to reproduce the confined phase at low temperature, they used the gluon effec-
tive potentials with the mass-dimension parameter, which leads to explicit gauge symmetry
breaking. Since these effective potentials do not suit our purpose of studying spontaneous
gauge symmetry breaking due to the Hosotani mechanism, we mainly use setups with man-
ifest gauge symmetry. It is also notable that gauge symmetry breaking for all clasical Lie
groups with PBC matters are classified from topological viewpoints in [69].
This paper is organized as following. In Sec. II, we show our setups including the one-loop
potential and the PNJL model. Sec. III shows our numerical results for four dimensional
cases. Sec. IV shows the results for five-dimensional cases. In Sec. V we discuss how our
predictions can be checked in the lattice simulations. Sec. VI is devoted to summary.
II. EFFECTIVE POTENTIAL
In this section we discuss our setups for SU(N) gauge theory. The one-loop effective
potential is composed of two parts, gluonic and quark contributions. Since our goal is to
4study the phase diagram in terms of Wilson-line phases (Polyakov-line phases), qi (i =
1, 2, ..., N), we will write the effective potential as a function of these variables. Besides the
one-loop potential, we consider the contribution from the chiral part, which originates in
the NJL-type four-point interactions. The total effective potential is then regarded as that
of the PNJL model [58] as a function of the qi and the chiral condensate σ. Depending on
our purposes, we in some cases use only the perturbative one-loop effective potential, and
in other cases use the PNJL effective potential. We also comment on possible deformation
reflecting non-perturbative effects in the gluonic contribution.
A. SU(N) in four dimensions
We begin with one-loop effective potential for SU(N) gauge theory. In four dimensions,
the finite-temperature one-loop effective potential for gauge bosons and fermions is well
studied in Ref. [70, 71]. What we do in the present study is just to regard the compacted
imaginary-time direction as one of the spatial direction, and to replace T by 1/L where L
is a size of the compacted dimension.
Firstly, we rewrite the SU(N) gauge boson field as
Aµ = 〈Ay〉+ A˜µ, (1)
where y stands for a compact direction and 〈Ay〉 is a vacuum expectation value (VEV) while
A˜µ is fluctuation from it. The VEV can be replaced by
〈Ay〉 = 2π
gL
q, (2)
where q’s color structure is diag(q1, q2, ..., qN) with q1 + q2 + · · ·+ qN−1 + qN = 0. We note
that eigenvalues of qi are invariant under all gauge transformations preserving boundary
conditions. Then we can easily observe spontaneous gauge symmetry breaking from values
of qi in the vacuum. For detailed argument on gauge transformation for this topic, see [9]
for example. The gluon one-loop effective potential Vg is expressed as
Vg = − 2
L4π2
N∑
i,j=1
∞∑
n=1
(
1− 1
N
δij
)cos(2nπqij)
n4
(3)
where qij = (qi − qj) and N is the number of color degrees of freedom.
5The contribution from massless fundamental quarks Vf is given by
Vf = 4Nf
L4π2
N∑
i=1
∞∑
n=1
cos[2πn(qi + 1/2)]
n4
, (4)
where Nf is the number of fundamental flavors. Depending on boundary conditions, we
should replace qi + 1/2 by qi + φ. For example, the choice of φ = 0 describes quarks
with periodic boundary conditions. From here, we denote Vφf as effective potential of the
fundamental fermion with boundary angle φ. The contribution from massive fundamental
quarks is expressed by using the second kind of the modified Bessel function K2(x) as
Vφf (Nf , mf ) =
2Nfm
2
f
π2L2
N∑
i=1
∞∑
n=1
K2(nmfL)
n2
cos[2πn(qi + φ)], (5)
where mf is the fundamental fermion mass. (We assume the same mass for all flavors.) Here
the second kind of the modified Bessel function Kν(x) is defined as
Kν(x) =
√
π(x/2)ν
Γ(ν + 1/2)
∫ ∞
1
e−xt(t2 − 1)ν− 12dt, (6)
where Γ(x) is the gamma function. The adjoint quark contribution Vφa can be easily obtained
by the following replacement,
Vφa (Na, ma) =
2Nam
2
a
π2L2
N∑
i,j=1
∞∑
n=1
(
1− 1
N
δij
)K2(nmaL)
n2
cos[2πn(qij + φ)], (7)
where Na and ma are the number of flavors and the mass for adjoint fermions. For the gauge
theory with Nf fundamental and Na adjoint fermions with arbitrary boundary conditions,
the total one-loop effective potential is given by
V = Vg + Vφf (Nf , mf ) + Vφa (Na, ma). (8)
This total one-loop effective potential contains eight parameters including the compactifica-
tion scale L, the number of colors N , the fermion masses mf , ma, the number of flavors Nf ,
Na, and the boundary conditions φ for two kinds of matter fields. All through the present
study we keep N = 3, then obtain phase diagram in 1/L-ma space with mf , Nf , Na and
φ fixed to several values. The reason we change ma while fixing mf is that gauge symme-
try phase diagram is more sensitive to the former than the latter. Up to this point, we
work in first-principle perturbative calculations and have no model-parameter-fixing process
dictated by physical results or numerical calculations.
6We here comment on ability and limitation of the perturbative one-loop effective poten-
tial. This weak-coupling-limit potential at least works to investigate weak-coupling physics.
In this study a small compactification scale L (or high temperature T ∼ 1/L) corresponds to
weak coupling, and the 1/L-ma phase diagram obtained from the effective potential is valid
at smaller L while the strong-coupling physics near larger L or small temperature cannot
be reproduced. We note that gauge symmetry breaking due to Hosotani mechanism takes
place even at weak-coupling due to the compact dimension topology [4, 5, 9, 10]. Indeed, the
exotic phases in the recent lattice simulations [31] have been shown to be at weak-coupling
regime. Our potential thus work to reveal properties of these exotic phases.
Now we consider contribution from the chiral sector. We introduce the four-point inter-
action at the action level as
gS[(ψ¯ψ)
2 + (ψ¯iγ5~τψ)
2], (9)
where ψ is a two-flavor fermion field and gS is the effective coupling constant with the mass
dimension minus two. (We here concentrate on the two-flavor case.) The introduction of
the above term (9) leads to addition of the following zero-temperature contribution to the
one-loop effective potential (8),
Vχ = gSσ2 − dRΛ
4
4π2
[(
2 +
m2c
Λ2
)√
1 +
m2c
Λ2
+
m4c
Λ4
log
(
mc/Λ
1 +
√
1 +m2c/Λ
2
)]
, (10)
where Λ is a cutoff scale of the effective theory and mc stands for constituent quark mass
mc = m− 2gSσ with σ being chiral condensate [30]. Depending on fundamental or adjoint
representations, dR takes N or N
2 − 1 respectively. In the case with both fundamental and
adjoint quarks, we need two different sets of chiral sectors. The total effective potential
combined with the chiral contribution is given by
Vtotal = V + Vχ. (11)
We note that this total effective potential is identical to that of the PNJL model [58] adopting
the one-loop potential as the gluon contribution,
LPNJL = ψ¯(γµDµ +m)ψ − gS[(ψ¯ψ)2 + (ψ¯iγ5~τψ)2] + Vg, (12)
with Dj = ∂j , D4 = ∂4 + iA4. We thus call the total effective potential (11) PNJL or
PNJL-based effective potential.
7In the present study we will use this PNJL-based potential to study gauge theory with
adjoint or fundamental quarks with periodic boundary conditions(PBC). In this model, we
have two model parameters, the cutoff scale Λ and the effective-coupling gS in addition to
the eight parameters in the one-loop perturbative potential shown below (8). These two
parameters are the very model parameters and should be fixed to reproduce physical results
or first-principle lattice calculations. On the other hand, the lattice QCD simulation on
the compactified space has been done as finite-temperature lattice QCD, but for only anti-
periodic boundary conditions (aPBC) for quarks. Thus, we choose the following criterion
for fixing the two parameters for PBC quarks; we first fix them so as to reproduce the
zero-temperature constituent mass and the chiral critical temperature in the lattice finite-
temperature QCD with aPBC matters [75], then we use the same parameter set for the PBC
case. According to [75], the zero-temperature constituent mass for aPBC adj. QCD is given
by
mc(T = 0, ma = 0) = 2.322GeV, (13)
and the chiral phase transition takes place at
1/LCT = TCT ∼ 2GeV, (14)
where LCT and TCT are critical values for chiral transition. We can fix Λ and gS by using
these lattice results. This method is also applied to the fundamental quarks.
Apart from the chiral contribution, the PNJL potential we obtained is based on pertur-
bative calculations, and chiral properties we will obtain from it is again valid for a small L
region. In addition to this limitation, we have the cutoff scale Λ in this model. It means
that we cannot apply the model beyond this cutoff. The model is thus valid for intermediate
compactification scale as 0 ≪ 1/L < Λ. In the next section we will find specific chiral
properties within this limitation.
We here comment on non-perturbative modification of the PNJL model. In the standard
use of the PNJL model, the gluonic contribution Vg is replaced by the “non-perturbatively”-
deformed ones: in order to mimic the confinement/deconfinement phase transition in the
study on QCD phase diagram,, the one-loop gluon potential should be replaced by some
nonperturbative versions. We have several schemes including the simple scale introduction
in Ref. [30], center-stabilized potential in [29, 72, 73], the one-loop ansatz in Ref. [74] and
8the strong-coupling lattice potential in Ref. [58, 61]. The first one in [30] is given by
Vnp1g = −
2
L4π2
N∑
i,j=1
∞∑
n=1
(
1− 1
N
δij
)cos(2nπqij)
n4
+
M2
2π2L2
N∑
i,j=1
∞∑
n=1
(
1− 1
N
δij
)cos(2nπqij)
n2
,
(15)
where the second term is the modification incorporating non-perturbative effect and the mass
scale M works as a scale for confinement/deconfinement transtion. The center-stabilized
potential in [29, 64, 72, 73] has a similar form given as
Vnp2g = −
2
L4π2
N∑
i,j=1
∞∑
n=1
(
1− 1
N
δij
)cos(2nπqij)
n4
+
1
L
[N/2]∑
n=1
N∑
i,j=1
an
(
1− 1
N
δij
)
cos(2nπqij),
(16)
where an in the deformation term is a mass dimension-3 model parameter, which works as
the phase transition scale in this case. The one-loop ansatz potential is based on simple
introduction of the scale M to the original gluon potential as
Vnp3g = −
2M2
L2π2
N∑
i,j=1
∞∑
n=1
(
1− 1
N
δij
)cos(2nπqij)
n4
, (17)
where some of compactification scale L is just replaced by M in the original potential.
The potential from the lattice strong-coupling expansion is non-perturbative deformation
adopted in the original PNJL model [58], which is given by
Vnp4g = −
4
a3L
e−σaL(TrP )2 − 1
a3L
log
[
− (TrP )4 + 8Re(TrP )3 − 18(TrP )2 + 27
]
, (18)
where 1/a stands for the cutoff scale and σ for the string tension for confinement. P =
P exp[ig ∫ dyAy] ∼ diag[e2piiq1 , ..., e2piiqN ] is a compactified dimension Polyakov (Wilson)
loop. These two model parameters work as the scale for the phase transition. All the
modifications able to reproduce the phase transition, however, it is notable that the SU(N)
gauge symmetry is explicitly broken due to the mass-dimensionful model parameters in
them. It means that they do not suit our purpose of classifying the gauge-broken phases.
We also emphasize that, in the first place, the exotic phases including gauge-broken phases
are likely to emerge at weak-coupling region [31] and we do not need the above deforma-
tions for the strong-coupling region for our purpose. Thus, we will mainly adopt one-loop
effective potential as the gluonic contribution in our PNJL model and just discuss how the
phase diagram is changed by the deformation in the next section.
9B. SU(N) in five dimensions
In the five-dimensional case, most of the setup is parallel to the four-dimensional case
except for difference of mass dimensions of fields and parameters. We here show the one-
loop effective potential of gluon and quarks below. The five-dimensional one-loop effective
potential in the gluon sector is given by
Vg = − 9
4π2L5
N∑
i,j=1
∞∑
n=1
(
1− 1
N
δij
)cos(2πnqij)
n5
, (19)
which has 1/L5 dimension. The effective potential for massless fermions in this case is given
by
V1/2f = −2T
∫
dk
8π2
k3
[
ln
(
1 + e−L|k|+2ipiq
ij
)
+ ln
(
1 + e−L|k|−2ipiq
ij
)]
=
3
L5π2
∞∑
n=1
cos[2πn(qij + 1/2)]
n5
. (20)
The effective potential of the massless fundamental and adjoint fermions with arbitrary
boundary condition is expressed as
Vφf =
3Nf
π2L5
N∑
i=1
∞∑
n=1
cos[2πn(qi + φ)]
n5
, (21)
Vφa =
3Na
π2L5
N∑
i,j=1
∞∑
n=1
(
1− 1
N
δij
)cos[2πn(qij + φ)]
n5
. (22)
For the massive fermion, we should replace |k| by Ep =
√
p2 +m2 in Eq. (20). To evaluate
the integration, we should expand the logarithm in the same way as the four dimesional case.
Individual integration is done by using the Bessel function as
e±2ipinq
ij
n
∫ ∞
0
p3e−nLEpdp = −e
±2ipinqij
n2
∂
∂L
∫ ∞
1
m3(t2 − 1)e−nLmtdt.
= −e
±2ipinqij
n2
23/2√
π
∂
∂L
[( m
nL
)3/2
K3/2(nLm)
]
=
e±2ipinq
ij
n
23/2m√
π
( m
nL
)3/2
K5/2(nLm). (23)
Then, the potential contributions from massive fermions are obtained by using the K5/2(x)
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as
Vφf (Nf , mf ) =
√
2Nf(mf/L)
5/2
π5/2
N∑
i=1
∞∑
n=1
K5/2(nmfL)
n5/2
cos[2πn(qi + φ)], (24)
Vφa (Na, ma) =
√
2Na(ma/L)
5/2
π5/2
N∑
i,j=1
∞∑
n=1
(
1− 1
N
δij
)K5/2(nmaL)
n5/2
cos[2πn(qij + φ)]. (25)
This total one-loop effective potential in five dimensions again contains eight parameters
including the compactification scale L, the number of colors N , the fermion masses mf , ma,
the number of flavors Nf , Na, and the boundary conditions φ for two kinds of matter fields.
As with the four-dimensional case we keep N = 3, then obtain phase diagram in 1/L-ma
space with mf , Nf , Na and φ fixed to several values. The 1/L-ma phase diagram obtained
from this effective potential is valid at smaller L or the weak coupling regime, and thus
works to reveal properties of the exotic phases at weak coupling.
We here comment on treatment of parity pairs. When we need a parity-even mass term
in odd dimensions (e.g. Z2 orbifolded theory), we need a set of parity pairs ψ
±(−y) = ±ψ(y)
in the action [12]. Although our study does not take much care about such a case, we note
that the factor two appears in front of the fermion potentials if the parity pair is introduced.
It is thus the same situation as doubled flavors within this setup. In Sec. IV, we will see that
the phase diagram changes depending on the choice of the parity pair in five dimensions.
III. PHASE STRUCTURE IN FOUR DIMENSIONS
In this section, we investigate the phase structure in the compacted-size L−1 and quark-
mass m space for SU(3) gauge theories on R3 × S1. Because of the relation −q3 = q1 + q2,
the vacuum structure is discussed just from the (q1, q2) potential. In the following we begin
with investigation on vacuum and phase structures based on the one-loop potential (8) for
several choices of matters and boundary conditions. By far, lattice QCD simulations in
four dimensions with one compacted dimension have been done for aPBC fundamental,
PBC fundamental, aPBC adjoint [75] and PBC adjoint [31] matters. There are no lattice
study on systems including both fundamental and adjoint matters. We also have no lattice
corresponding results for five dimensional cases. In the present study we mainly focus on
the case with PBC adjoint, and with PBC adjoint and fundamental matters, and make
comparison to the lattice result if exists. As shown in the above section, we make use of the
11
other lattice results to fix model parameters in PNJL models.
We note that we will sometimes consider one-flavor cases as (Nf , Na) = (0, 1) or
(Nf , Na) = (1, 1). Since the anomaly is not implemented and difference of one- and multiple-
flavors just appears as an overall factor in the effective potential, our four-dimensional
results are qualitatively unchanged even for the two-flavor cases as (Nf , Na) = (0, 2) or
(Nf , Na) = (2, 2). Thus, these one-flavor examples are sufficient for our purpose of studying
phase diagram qualitatively. (Things are different in five dimensions as shown in Sec. IV.)
In the appendix. A, we summarize the potential minima for gauge-symmetry-preserved
cases, which are not our main results. We show the contour plots of the effective potentials
for (Nf , Na) = (0, 0) in Fig. 22, (Nf , Na) = (1, 0) with the anti-periodic boundary condition
(aPBC) in Fig. 23, (Nf , Na) = (1, 0) with the periodic boundary condition (PBC) in Fig. 24,
and (Nf , Na) = (0, 1) with aPBC in Fig. 25. We set mf = ma = 0 in these cases. In the
pure-gauge and gauge+adjoint theories, the three degenerate vacua clearly reflects the Z3
center symmetry while the introduction of fundamental fermions lift of the degeneracy, which
means breaking of the center symmetry. We note that the global minima are given by any of
(q1, q2) = (0, 0), (1/3, 1/3), (−1/3,−1/3), and we have q1 = q2 = q3 (mod 1) in the vacuum.
It obviously shows that the SU(3) symmetry remains in all these cases.
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FIG. 1: The one-loop effective potential of SU(3) gauge theory on R3 × S1 with one adjoint
fermion with PBC [Vg + V0a(Na = 1,ma = 0)]L4. (Right) The contour plot as a function of q1 and
q2. Thicker region stands for deeper region of the potential. (Left) The effective potential as a
function of q1 with q2 = 0. The global minima are located at (q1, q2) = (±1/3, 0).
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Now, we shall look into the case with spontaneous gauge symmetry breaking. We consider
(Nf , Na) = (0, 1) with PBC. We note that this theory has exact center symmetry, and all
the phases, even the gauge-broken phase, should reflect this symmetry. Figure 1 shows the
effective potential [Vg + V0a ]L4. The left contour plot is obviously different from the gauge-
symmetric cases. Careful search shows that the minima are located at (q1, q2) = (0, 1/3),
(1/3, 0), (−1/3, 1/3), (−1/3, 0), (0,−1/3), (1/3,−1/3). It means the vacua are given by
permutations of (q1, q2, q3) = (0, 1/3,−1/3), and SU(3) gauge symmetry is broken into
U(1) × U(1). This is the famous result, known as the Hosotani mechanism, where the
Aharonov-Bohm effect in the compacted dimension nontrivially breaks gauge symmetry
[4, 5, 9, 10]. We note that this situation is sometimes called “re-confined phase” [31] since
the color fundamental trace of the Polyakov loop Φ ≡ (TrF P )/N becomes zero.
To study the phase diagram, we introduce nonzero quark mass. Figure 2 shows the
effective potential [Vg +V0a(Na, ma)]L4 as a function of q1 with q2 = 0 for mL = 1.2, 1.6, 2.0
and 3.0 from left to right panels (m ≡ ma). It is clearly seen that there is the first-order
phase transition in the vicinity of mL = 1.6. This is a transition between the re-confined
phase and the other gauge-broken phase, which we call the “split phase” [31]. The contour
plots for mL = 1.6 and mL = 1.8 are shown in Fig. 3. The mL = 1.8 case corresponds to
the split phase. The global minima in the split phase are given by
• Im Φ = 0 : (q1, q2) = (0, 0.5), (0.5, 0.5), (0.5, 0),
• Im Φ > 0 : (q1, q2) = (1/6,−1/3), (−1/3, 1/6), (1/6, 1/6),
• Im Φ < 0 : (q1, q2) = (1/3,−1/6), (−1/6,−1/6), (−1/6, 1/3).
These results indicate that the vacuum in the first set is given by permutations of (q1, q2, q3) =
(0, 0.5, 0.5), and SU(3) gauge symmetry is broken into SU(2)×U(1). The vacua for other two
sets are derived by the Z3 transformation of (q1, q2, q3) = (0, 0.5, 0.5). From the viewpoint of
phenomenological symmetry breaking, this phase and similar phases for large color numbers
are the most preferable.
In Fig. 4 we depict the L−1-m phase diagram with one PBC adjoint quark (Nf , Na) =
(0, 1) based on the one-loop effective potential. We note that, as m appears as mL in this
one-loop effective potential, we have scaling in the phase diagram and we can choose arbitrary
mass-dimension unit. Since we drop the non-perturbative effect in the gluon potential, we
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have no confined phase at small L−1 (at low temperature). The order of the three phases
in Fig. 4 (deconfined SU(3) → split SU(2)×U(1) → reconfined U(1)×U(1) from small to
large L−1.) is consistent with that of the lattice simulation except that we have no confined
phase. We note that all the critical lines in the figure are first-order. In Fig. 5 we depict a
schematic distribution plot of Φ in the complex plane. It is obvious that each phase reflects
Z3 symmetry. In the split phase, Φ takes nonzero values but in a different manner from
the deconfined phase. In the re-confined phase, we exactly have Φ = 0 with the vacuum
breaking the gauge symmetry.
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FIG. 2: The one-loop effective potential of SU(3) gauge theory on R3×S1 with one PBC adjoint
quark as a function of q1 with q2 = 0 [Vg+V0a ]L4, formL = 1.2 (reconfined), 1.6 (reconfined↔split),
2.0 (split↔deconfined) and 3.0 (deconfined).
FIG. 3: Contour plot of the one-loop effective potential of SU(3) gauge theory on R3 × S1 with
one PBC adjoint quark [(Vg)pert + V0a ]L4, for mL = 1.6 and 1.8 (SU(2) × U(1) split phase) as a
function of q1 and q2. Thicker region indicates deeper region of the potential.
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FIG. 4: L−1-m phase diagram for SU(3) gauge theory on R3×S1 with one PBC adjoint quark based
on one-loop effective potential. D stands for “deconfined (SU(3))”, S for “split (SU(2) × U(1))”
and R for “re-confined (U(1) × U(1))” phases. Phase transitions are first-order.
ReΦ
Im Φ
FIG. 5: Schematic distribution plot of Polyakov loop Φ as a function of Re Φ and Im Φ for SU(3)
gauge theory on R3 × S1 with one PBC adjoint quark.
We next turn on the chiral sector and consider the PNJL effective potential (11). We
investigate chiral properties of (Nf , Na) = (0, 2) SU(3) gauge theory on R
3 × S1. [82].
Before proceeding to the main topic, we discuss validity of the effective model (11) for
the purpose of studying chiral properties at weak-coupling region. Although we have no
confined phase nor confined/deconfined phase transition in our model, the chiral restoration
associated with the phase transition is correctly reproduced in this model for the known
cases: (Nf , Na) = (2, 0) with aPBC, (Nf , Na) = (2, 0) with PBC and (Nf , Na) = (0, 2) with
aPBC. We depict behavior of the constituent mass for these cases in Fig. 6, where the chiral
15
phase transition takes place at some point for the three cases. The parameters are chosen
so as to have the correct critical temperatures in finite-temperature SU(3) gauge theory
with aPBC quarks [75, 76], Λ = 0.63 GeV and gSΛ
2 = 2.19 for fundamental quarks and
Λ = 23.22 GeV and gSΛ
2 = 0.63 for adjoint quarks [30].
We are now convinced that the model can work to study chiral properties, and we go on
to the main topic, (Nf , Na) = (0, 2) with PBC. We calculate the PNJL effective potential
in Eq. (11) and search for the vacua for q1, q2 and σ. We depict the phase diagram for this
case in Fig. 7. Due to nonzero constituent mass, the whole phase diagram is shifted, and
we have phase transitions even for a ma = 0 massless case. We also note that the critical
lines are curved due to the dimensionful parameters introduced. Although our analysis is
valid only for the weak-coupling regime, the phase diagram is qualitatively consistent with
that of the lattice simulations [27, 31] except that ours have no confinement/deconfinement
phase transition.
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FIG. 6: Constituent mass mc as a function of L
−1 for (Nf , Na) = (2, 0) with aPBC, (Nf , Na) =
(2, 0) with PBC, (Nf , Na) = (0, 2) with aPBC and (Nf , Na) = (2, 0) with PBC with the bare
mass fixed as m = 0 GeV. We choose the parameter set as Λ = 0.63 GeV and gSΛ
2 = 2.19 for
fundamental cases and Λ = 23.22 GeV and gSΛ
2 = 0.63 for adjoint cases.
To look into chiral properties, we simultaneously depict the real part of VEV of Polyakov
loop Φ and the constituent mass mc as a function of L
−1 with the bare mass fixed as m = 0
GeV andm = 1 GeV in Fig. 8. We here normalize the constituent mass asmc(L
1)/mc(L
−1 =
16
0). It is notable that chiral condensate, or equivalently, constituent quark mass does not
undergo a clear transition even for large values of L−1, and it gradually decreases. We thus
have no clear chiral restoration transition while chiral symmetry is gradually restored in
this theory. This result and the standard-PNJL result in [30] are consistent with those of
the lattice simulation [31], which argues that the chiral restoration at weak coupling should
occur at a quite small value of the compacted size L. The other notable point is that the
chiral condensate undergoes quite small transitions coinciding with the deconfined/split and
split/re-confined phase transitions. (It can be seen better in Fig. 6 or the right panel for
m = 1 GeV in Fig. 8.) This kind of the transition propagation is well studied in [77, 78],
but they may be too small to be observed in the lattice simulations.
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FIG. 7: L−1-m phase diagram for SU(3) gauge theory on R3 × S1 with two-flavor PBC adjoint
quarks (Nf , Na) = (0, 2) based on the PNJL-type effective potential. D stands for “deconfined”, S
for “split” and R for “re-confined” phases. Critical lines are first-order.
Let us briefly comment on non-perturbative deformation of the gluon potential discussed
in Sec. II. As a result, in Appendix. A2 we show a result for the deformation (15). Indeed,
with introducing the dimension parameter, for example M = 596 MeV, the phase diagram
in Fig. 4 is modified as Fig. 26. Here the confined phase emerges at small L−1 region, but it
is connected with the re-confined phase through the small mass region. This result clearly
shows that the gauge symmetry is broken as SU(3)→ U(1)×U(1) even at zero-temperature
or infinite-L. We note that the similar result with the same deformation in the gluon
potential is shown in Ref. [30], where it is argued that the unified confined phase implies the
17
2 4−0.5
0
0.5
1
O
rd
er
 p
ar
am
et
er
s
1/L  [GeV]
D
S
R
m = 0
mc(L−1) / mc(L−1=0)
Φ
2 4−0.5
0
0.5
1
O
rd
er
 p
ar
am
et
er
s
1/L  [GeV]
D
S
R
m = 1 GeV
mc(L−1) / mc(L−1=0)
Φ
FIG. 8: VEV of Polyakov loop Φ (blue dashed) with q2 = 0 and the constituent mass mc (red
solid) as a function of L−1 with the bare mass fixed as m = 0 GeV (left) and m = 1 GeV (right).
The constituent mass is normalized as mc(L
−1)/mc(L
−1 = 0). The result indicates that the chiral
symmetry is gradually restored without the clear phase transition.
volume-independence of the confined phase structure. For the other deformations, we have
the same situation with explicit breaking of gauge symmetry. For our purpose of clarifying
and classifying phases of gauge symmetry, the deformations are not appropriate although
they may work as more phenomenological means.
We next consider (Nf , Na) = (1, 1) with PBC. We concentrate on the case with a massless
fundamental quark, and the potential is given by Vg+Vφf (Nf = 1, mf = 0)+Vφa (Na = 1, ma =
m). In this case, since the fundamental quark breaks the Z3 center symmetry, the minima
at Re Φ < 0 become true vacua in the deconfined and split phases as shown in Fig. 9.
(Fundamental matter with PBC moves the vacua to Re Φ < 0 direction.) In addition, we
have no exact re-confiend phase since Φ = 0 vacuum cannot be chosen because of the center
symmetry breaking in Fig. 9. We term this unusual phase as “pseudo-reconfined phase”,
where the SU(3) is broken to U(1) × U(1) and Φ takes a nonzero and negative value.
The existence of this phase is consistent with the research on flavor-number dependence
of gauge-symmetry-broken manners in Ref. [8]. In Fig. 10, we depict the phase diagram
for the same case. We emphasize that the split phase gets larger by introducing PBC
fundamental quarks, compared to Fig. 4. It is because the center symmetry breaking chooses
(q1, q2, q3) = (0, 0.5, 0.5) and its permutations as true vacua among all the possible minima
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Fig. 9, and makes it more stable than the center-symmetric case in Fig. 5.
ReΦ
Im Φ
FIG. 9: Schematic distribution plot of Polyakov loop Φ for SU(3) gauge theory on R3 × S1 with
one PBC adjoint and one PBC massless fundamental quarks (Nf , Na) = (1, 1). Points painted over
stand for vacua in this case. Z3 symmetry is broken, and some of the three minima are chosen
as true vacua in deconfined and split phase. The Polyakov loop Φ in the pseudo-reconfined phase
(PC) takes a nonzero and negative value.
To look into the details of pseudo-reconfined phase and the phase transition to the split
phase, we depict the expanded effective potential near the global minima as a function
of q1 with q2 = 0 in Fig. 11. The left panel shows the result for the massless adjoint
quark (ma = m = 0), which corresponds to the pseudo-confined phase. The minimum is
not located at (q1, q2) = (0.5, 0)(split case) nor at (q1, q2) = (1/3, 0)(re-confined case). In
the pseudo-confined phase we totally have six minima for q1 and q2 as (q1, q2) ∼ (0, 0.4),
(0.4, 0), (−0.4, 0.4), (−0.4, 0), (0,−0.4), (0.4,−0.4), which means that the vacua are given
by the permutation of (q1, q2, q3) ∼ (0, 0.4,−0.4). The right panel shows the first-order phase
transition between pseudo-confined and split phases. Since the potential barrier at the phase
transition is quite low, the fluctuation could break down clear phase transition. For the cases
with (Nf , Na) = (1, 2) and (Nf , Na) = (1, 3) where the flavor of adjoint quarks is larger than
that of fundamental quarks, the minima of the potential in the pseudo-reconfined phase
becomes deeper, and we can observe the first-order phase transition more distinctly.
The chiral sector can be introduced by extending to (Nf , Na) = (2, 2). In this case we
have two chiral sectors for fundamental and adjoint quarks, and we have arbitrariness how
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FIG. 10: Phase diagram for R3×S1 SU(3) gauge theory with one PBC adjoint and one massless
PBC fundamental quarks (Nf , Na) = (1, 1) based on the one-loop effective potential. m is the
adjoint quark mass m = ma and L
−1 is the inverse of the compacted size. PC stands for “pseudo-
reconfined” phase.
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FIG. 11: Expanded effective potential of R3 × S1 SU(3) gauge theory with one PBC adjoint and
one massless PBC fundamental quarks as a function of q1 with q2 = 0. Left one shows the case
with the pseudo-reconfined phase (m = ma = 0), where we have the minimum at (q1, q2) ∼ (0.4, 0).
Right one shows the first-order phase transition between the pseudo-reconfined and split phase at
maL = 0.77.
to implement four-point interactions and choose relative parameters. For example, we may
consider the following forms of the four-point and eight-point interactions.
(gS)f [(ψ¯fψf )
2 + (ψ¯f iγ5~τψf )
2] + (gS)a[(ψ¯aψa)
2 + (ψ¯aiγ5~τψa)
2]
+ (gS)fa[{(ψ¯fψf )2 + (ψ¯f iγ5~τψf )2}2{(ψ¯aψa)2 + (ψ¯aiγ5~τψa)2}2], (26)
where ψf and ψa stand for fundamental and adjoint quark fields, and (gS)f , (gS)a, (gS)fa
stand for fundamental, adjoint and mixing effective coupling. Even if we fix a form of the
20
four-point interactions, we still have no criterion on how to set the parameters since there is
no lattice study on this case either for aPBC or PBC. Thus we just show results of the chiral
properties for two representative sets of the parameters. In either set, ga and Λ are set the
same value used in Fig. 6 and the mixing term is set as (gS)fa = ga/Λ
6. As the first case
we consider (gS)f = RFierz × (gS)a, where RFierz is the coefficient obtained from the Fierz
transformation. We call it ”scenario A”, where the fundamental chiral condensate becomes
zero for all the region of 1/L while the adjoint chiral condensate has the qualitatively similar
behavior to (Nf , Na) = (0, 2) case as shown in left-panel of Fig. 12. As the second case we
consider (gS)f = (8/3)× (gS)a, which we call scenario B. In this case the fundamental chiral
condensate has nonzero value at 1/L = 0 as shown in the right-panel of Fig. 12. In this case,
unlike the adjoint chiral condensate, the fundamental chiral condensate never reacts to the
gauge symmetry phase transitions and the decreasing behavior becomes relatively gentle at
large 1/L (1/L ∼ 5 GeV). We consider that either of the scenarios of chiral properties for
(Nf , Na) = (2, 2) will be detected in the on-going lattice simulation.
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FIG. 12: VEV of Polyakov loop Φ (black dotted), the adjoint fermion constituent mass ma (red
solid) and the fundamental fermion constituent mass mf (blue dashed) as a function of L
−1 for
the scenario A (left) and B (right). The constituent masses are normalized as by 2.32 GeV
Besides the cases we have shown above, we also have other interesting choices of matters.
As shown in [79], the SU(3) gauge theory with three fundamental flavors with flavored
twisted boundary conditions φ = 0, 1/3, 2/3 can accidentally keep the Z3 center symmetry.
For example, in the case of (Nf , Na) = (3, 1) with the flavored twisted boundary conditions
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φ = 0, 1/3, 2/3 for fundamental fermions and PBC for the adjoint fermion, the distribution
plot of Φ becomes symmetric as Fig. 5 and we have exact re-confined phase although the
theory contains fundamental quarks. Moreover, in [80], the present authors and collaborators
discuss the SU(3) gauge theory with (Nf , Na) = (3, 0) with the flavored twisted boundary
conditions φ = 0, 1/3, 2/3 can lead to the spontaneous gauge symmetry breaking without
adjoint quarks. This case is also fascinating as a future research topic.
IV. PHASE STRUCTURE IN FIVE DIMENSIONS
In this section, we discuss the vacuum and phase structure in SU(3) gauge theories on
R4 × S1. Since the five-dimensional gauge theory is not renormalizable, we cannot discuss
its non-perturbative aspects in a parallel way to the four-dimensional case. Thus we will
concentrate on the one-loop part of the effective theory, and will not consider the contribution
from the chiral sector. It is sufficient for our purpose of investigating the phase structure at
weak-coupling.
We consider the five-dimensional one-loop effective potential [Vg + V0f (Nf , mf) +
V0a(Na, ma)]L5. We first look at the case with (Nf , Na) = (0, 1) with PBC. The qualita-
tive properties are common with the four-dimensional case. Figure 13 shows the effective
potential [Vg + V0a(Na = 1, m)]L5 as a function of q1 with q2 = 0 fixed. The adjoint quark
mass is set as mL = 0.5, 1.3 and 2.0 from left to right panels. The three cases corre-
spond to re-confined (left), split (center), and deconfined (right) phase. The contour plots
at mL = 0.5(reconfined) and mL = 1.3(split) are depicted in Fig. 14. The manners of
SU(3) symmetry breaking and the distribution of Polyakov line Φ in each phase are the
same as the four-dimensional case; SU(3) → U(1) × U(1) in the re-confined phase and
SU(3) → SU(2) × U(1) in the split phase. We depict the phase diagram in L−1-m for
this case in Fig. 15. The qualitative configuration of the three phases in the phase dia-
gram is indifferent from the four-dimensional case although the split phase is smaller in five
dimensions.
We next consider the case for (Nf , Na) = (1, 1) with PBC. We again concentrate on
mf = 0. Due to explicit breaking of Z3 center symmetry, Φ < 0 minima are chosen as
vacua in the deconfined and split phases in the same way as the four dimensional case
(Fig. 9). It is notable that the split phase is again enlarged by introducing fundamental
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FIG. 13: The one-loop effective potential of SU(3) gauge theory on R4×S1 with one PBC adjoint
quark as a function of q1 with q2 = 0 (Vg + V0a(1,m))L5. Depicted for mL = 0.5 (re-confined), 1.3
(split) and 2.0 (deconfined).
FIG. 14: Contour plot of the one-loop effective potential of SU(3) gauge theory on R4 × S1 with
one PBC adjoint quark (Vg + V0a(Na = 1,ma = m))L5 for mL = 0.5 and 1.3 as a function of q1
and q2.
fermions, but more effectively in five dimensions. Enhancement of the split phase due to the
fundamental matter in five dimensions is sensitive to choice of parity pairs, or equivalently,
choice of the number of flavors. For (Nf , Na) = (1, 1) without the parity pair, the pseudo-
confined phase disappears and the split phase becomes the unique gauge-broken phase as
shown in Fig. 16. This result is consistent with that of the massless case (ma = 0) in
Ref. [9, 10]. On the other hand, when we introduce parity pairs for (Nf , Na) = (1, 1) or
equivalently consider (Nf , Na) = (2, 2), the split phase becomes wider than that in Fig. 15
but the pseudo-reconfined phase still survives as shown in Fig. 17. In the five-dimensional
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FIG. 15: L−1-ma phase diagram for SU(3) gauge theory on R
4×S1 with one PBC adjoint quark
based on the one-loop effective potential.
pseudo-confined phase we again have six minima for q1 and q2 as (q1, q2) ∼ (0, 0.4), (0.4, 0),
(−0.4, 0.4), (−0.4, 0), (0,−0.4), (0.4,−0.4), which indicates that the minima are given by
the permutation of (q1, q2, q3) ∼ (0, 0.4,−0.4). We depict the expanded effective potential
in Fig. 18. The left panel shows the massless case (maL = 0), which corresponds to the
pseudo-reconfined phase. The right panel shows the first-order phase transition between the
pseudo-reconfined and split phases (maL = 1.18). In the cases with (Nf , Na) = (1, 2) or
(Nf , Na) = (1, 3), the potential minima in the pseudo-reconfined phase becomes deeper and
the phase transition gets more distinct.
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FIG. 16: L−1-ma phase diagram for SU(3) gauge theory on R
4 × S1 with one adjoint and one
massless fundamental quarks ((Nf , Na) = (1, 1), mf = 0, PBC) based on the one-loop effective
potential.
In the end of this section we comment on the other aspect of gauge theory with a com-
pacted dimension. If we regard the compacted direction as time direction, the boundary
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FIG. 17: L−1-ma phase diagram for SU(3) gauge theory on R
4 × S1 with a set of parity pairs of
(Nf , Na) = (1, 1), or equivalently (Nf , Na) = (2, 2), based on the one-loop effective potential.
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FIG. 18: Expanded 5D effective potential of SU(3) gauge theory on R4 × S1 with a set of parity
pairs of (Nf , Na) = (1, 1) or (Nf , Na) = (2, 2) as a function of q1 with q2 = 0. Left one shows
the pseudo-confined phase (m = ma = 0), where we have the minimum at (q1, q2) ∼ (0.4, 0).
Right one shows the first-order phase transition between the pseudo-reconfined and split phase at
maL = 1.18.
condition for the Polyakov-loop phases can be seen as imaginary chemical potential. The
periodic and anti-periodic boundary conditions correspond to different Roberge-Weiss tran-
sition points on the QCD phase diagram. From this viewpoint, it is clear that fundamental
fermions with PBC works to move the vacua to Re Φ < 0 direction as shown in Fig. 9 while
those with aPBC move it to Re Φ > 0 direction as shown in Fig. 19
25
Im Φ
ReΦ
FIG. 19: Schematic distribution plot of Polyakov loop Φ for SU(3) gauge theory with one PBC
adjoint and one aPBC fundamental quarks. Points painted over stand for vacua in this case. Z3
symmetry is broken in the different manner from Fig. 9.
V. OBSERVABLES COMPARABLE TO LATTICE
In this section we discuss observables quantitatively in our study, which can be compared
to existing and on-going lattice simulations.
Mass spectrum : We fist consider the mass spectrum in the gauge-broken phases, SU(2)×
U(1) and U(1)× U(1) phases. As shown in Ref. [4, 5, 9, 10], the Kalza-Klein spectrum for
gauge bosons is given by
M2n =
1
L2
(n+ qi − qj)2, (27)
where n stands for KK index. We here focus on n = 0 modes and the case with zero quark
mass. As long as qi = qj (i 6= j), these modes are massless. On the other hand, when qi 6= qj
is realized at the vacuum, some or all of n = 0 modes become massive. This phenomenon
is consistent with the Higgs mechanism with the gauge boson obtaining mass due to gauge
symmetry breaking. In our study, we find the two gauge-broken phase SU(2) × U(1) and
U(1)×U(1) for SU(3) gauge theory on R3×S. In the SU(2)×U(1) phase of SU(3) gauge
theory, where we originally have 8 massless gauge bosons, we have 4 massive modes, whose
mass is given by
M2SU(2)×U(1) =
1
4L2
, (28)
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where we substitute (q1, q2, q3) = (0, 0.5, 0.5) to qi. This result of the gauge boson mass is
common for the adj. case and the adj.-fund. case. Irrespective of the matter field, SU(2)×
U(1) phase has the five gauge bosons with the mass (28). Things change in U(1) × U(1)
phase. In U(1) × U(1) phase (re-confined phase) for (Nf , Na) = (0, 1), we have 6 massive
modes, whose masses are given by
M2U(1)×U(1)(Nf = 0, Na = 1) =


1
9L2
(4 modes)
4
9L2
(2 modes)
(29)
For (Nf , Na) = (1, 1), the U(1) × U(1) phase (pseudo-confined phase) again has 6 massive
modes, but the masses are different from the above as
M2U(1)×U(1)(Nf = 1, Na = 1) =


4
25L2
(4 modes)
16
25L2
(2 modes)
(30)
Thus, if we look into gauge mass as a function of the compactification scale, there should
be clear difference between different choices of the matter field even in the same symmetry
phase. It is good indication not only for the gauge symmetry breaking but also for specifying
the phases. These results are the case with both four-dimensional and five-dimensional cases.
We note that our results of mass spectrum are valid for small L (weak-coupling), and the
lattice simulation for relatively weak-coupling can reproduce our results.
Polyakov-loop : As we have discussed, the trace of compact-dimensional Polyakov loop is
also a good indication of the exotic phases [31]. We first show how the exotic phases seen
in the lattice QCD with PBC adjoint fermions [31] is interpreted from the gauge symmetry
breaking phases. Fig. 20 is the distribution plot of the Polyakov loop in the lattice simula-
tions. Each point corresponds to each of the results for different gauge configurations. We
also depict corresponding results in our analytical calculation of Fig. 5 on the figure. By
comparing them, we find that each of the cases can be understood as one of SU(3) decon-
fined, SU(2)×U(1) split or U(1)×U(1) re-confined phases. (The strong-coupling confined
phase cannot be reproduced in our weak-coupling study.) The lattice artifacts makes Z3
symmetry no-exact, and one of Z3 minima is selected depending on β. This result means
that we can predict distribution of Polyakov-loop for other choices of matter fields in the on-
going lattice simulations. For example, (Nf , Na) = (1, 1) case should have the distribution
of Polyakov-loop depending on β as shown in Fig. 21. The explicit Z3 symmetry breaking
shifts the true vacua to the Re Φ < 0 side in the complex space. As a result, the vacuum
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with Re Φ < 0 should be chosen in SU(2)×U(1) phase while the U(1)×U(1) phase also has
Re Φ < 0. This behavior of the Polyakov-loop distribution will be observed in the on-going
simulation for the case with both adj. and fund. quarks. As shown in Fig. 19, when we
take aPBC for fundamental quarks instead of PBC, the behavior is changed as the vacua
at Re Φ > 0 are chosen. These predictions are valid for both four-dimensional and five-
dimensional theories. We note that our results catch physical properties at least at small L
(weak-coupling), and the lattice simulation for relatively weak-coupling can reproduce our
results.
 
FIG. 20: Comparison between distribution plot of Polyakov loop Φ on the lattice [31] and that
of the one-loop effective potential for SU(3) gauge theory on R3 × S1 with PBC adjoint quarks.
(Watermarks stand for distribution of plot points on the lattice [31].) Apart from the strong-
coupling confined phase, all of the specific behavior can be interpreted as the phases we found in
our analytical calculations.
Chiral condensate and chiral susceptibility : The special behavior of constituent mass
(chiral condensate) as a function of 1/L, which we calculated in the PNJL model, is also
peculiar to the theories with spontaneous gauge symmetry breaking. And it can be detected
on the lattice. Even if it is not easy to look into exact value and details of constituent
mass on the lattice, the chiral susceptibility works to investigate the subtle behavior. Chiral
28
FIG. 21: Prediction of distribution plot of Polyakov loop Φ based on the one-loop effective potential
for SU(3) gauge theory on Rd × S1 with PBC adjoint and fundamental quarks.
susceptibility in our model is defined as
χ =
Cll
CqqCll − C2ql
, (31)
with
Cqq =
L4
Λ
∂2V
∂m2
, Cll =
L4
Λ3
∂2V
∂Φ2
, Cqq =
L4
Λ2
∂2V
∂m∂Φ
, (32)
where m stands for the adjoint or fundamental quark mass. For example, the chiral behavior
in the SU(3) gauge theory with PBC adjoint matter in Fig. 8 indicates that the chiral
condensate reacts to the gauge-symmetry phase transitions slightly and it slowly decreases
in the re-confined phase with 1/L getting large. Chiral susceptibility in this case should have
two discrete changes at small 1/L. The chiral properties in the SU(3) gauge theory with
PBC adjoint and fundamental matters in Fig. 12 can have more special behavior. Whichever
of the scenarios A and B are realized on the lattice, peculiar behaviors of chiral condensate
can be detected on the lattice. We note that our results from the PNJL model are valid for
0 ≪ 1/L < Λ, which roughly means the region for SU(2) × U(1) phase and U(1) × U(1)
phases at 1/L < Λ GeV. We expect the lattice results for these two phases reproduce our
results.
VI. SUMMARY
In this paper we have studied the phase diagram for SU(3) gauge theories with a compact
spatial dimension by using the effective models, with emphasis on the dynamical gauge
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symmetry breaking. We show that introduction of adjoint matter with periodic boundary
condition leads to the unusual phases with spontaneous gauge symmetry breaking, whose
ranges are controlled by introducing fundamental matter. We also study chiral properties
in these theories and show that the chiral condensate remains nonzero even at a small
compacted size.
In Sec. II, we developed our setup based on one-loop effective potential and four-point
fermion interactions. The effective potential is composed of the gluon, quark and chiral
sectors. The total effective potential corresponds to that of the PNJL model with one-loop
gluon potential. This setup is effective enough to investigate vacuum structure and chiral
properties at weak-coupling or small size of the compact dimension.
In Sec. III, we elucidated the vacuum and phase structure in SU(3) gauge theory on
R3 × S1. The theory with PBC adjoint quarks has three different phases in the L−1-m
space, including the deconfined phase (SU(3), nonzero Φ), the split phase (SU(2) × U(1),
nonzero Φ) and the re-confined phase (U(1)× U(1), zero Φ with nontrivial global minima).
The configuration of these phases in the phase diagram is consistent with that of the lattice
calculations although we have no confined phase. By using the PNJL effective potential, we
argued that chiral symmetry is slowly restored without clear phase transition when the size
of the compact dimension is decreased. In this section we also studied vacuum and phase
structure for the case with both fundamental and adjoint matters, and showed that the split
phase is generically widened by adding PBC fundamental quarks. We consider that it is
because one of the three possible minima for the split phase becomes more stable due to
the center symmetry breaking. We showed that another U(1)×U(1) phase with a negative
value of Φ emerges in this case (pseudo-reconfined phase).
In Sec. IV, we studied the vacuum and phase structure in SU(3) gauge theory on R4×S1.
In the five-dimensional case we concentrate on the one-loop part of the effective potential.
The theory with PBC adjoint quarks again has the split (SU(2) × U(1)) and re-confined
(U(1)× U(1)) phases. Introduction of fundamental quarks works to enlarge the split phase
more effectively than the four-dimensional case. Especially in the case with one adjoint
and one fundamental quarks without parity pairs, the split phase overcomes the pseudo-
reconfined phase and becomes a unique gauge-symmetry-broken phase.
In Sec. V, we discuss observables comparable to the lattice simulations. We list up
observables including particle mass spectrum, in particular gauge boson mass (Lowest KK
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spectrum), Polyakov-loop in the compact dimension, constituent mass. They can be good
indications of exotic phase and properties both in the existing and on-going simulations.
All through this paper, we treat PBC and aPBC cases in a parallel manner. We note
that the reference [24, 25] argues that gauge theory with PBC fermions has no thermal
fluctuation, and thermal interpretation is inappropriate in such a case. This means that all
the results here should be understood as topological phenomena.
In the end of the paper, we discuss whether the lattice simulation can check our pre-
dictions. One of our main results is that enlargement of the split phase in the presence
of fundamental fermions. This property would be observed in the on-going lattice simula-
tions on four-dimesional gauge theory with a compact direction [81]. The pseudo-reconfined
phase can be also observed where the VEV of Polyakov loop becomes negative but different
from that of the split phase. On the other hand, it seems difficult to show the first-order
phase transition between the pseudo-reconfined and split phases. The lattice calculation can
check whether chiral condensate remains finite in the re-confined phase even at a very small
compacted size. The small chiral transitions coinciding with the gauge-symmetry phase
transitions are subtle. If the lattice simulation succeeds to measure chiral susceptibility
with high precision, this phenomena may be able to be observed.
During preparing this draft, the collaboration [81] kindly informed us that it also per-
formed perturbative calculations on the phase diagram in gauge theory on R3 × S1 and
R4 × S1. It could be valuable for readers to compare the results from the two independent
groups.
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Appendix A: Vacua and phase structures for other cases
1. Gauge symmetric cases
In this appendix, we discuss the vacuum structure for the several gauge-symmetric cases
in R3 × S1 SU(3) gauge theory. We concentrate on massless cases as ma = mf = 0. The
potential contour plot for (Nf , Na) = (0, 0) (pure gauge theory) is shown in Fig. 22. The
effective potential has the minima at (q1, q2) = (0, 0), (1/3, 1/3), (−1/3,−1/3). Since it
means that the three Polyakov-line phases are equivalent in the vacuum (q1 = q2 = q3), the
SU(3) gauge symmetry is intact.
The case with one fundamental fermion with anti-periodic boundary condition is shown
in Fig. 23. The fundamental quark breaks Z3 symmetry explicitly and thus, two of the three
minima become the meta-stable. If the boundary condition of fermion is changed to the
periodic one, the global minima move to (±1/3,±1/3) as shown in Fig. 24. On the other
hand, the case for an adjoint fermion with anti-periodic boundary condition is similar to the
pure gauge case as shown in Fig. 25 since it keeps the Z3 center symmetry.
FIG. 22: The contour plot of one-loop effective potential for pure SU(3) gauge theory, VgL4 as a
function of q1 and q2. Thicker region stands for deeper region of the effective potential.
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FIG. 23: The contour plot of one-loop effective potential for R3 × S1 SU(3) gauge theory with
one massless fundamental fermion with anti-periodic boundary condition ((Nf , Na) = (1, 0) with
aPBC) (Vg + V1/2f )L4.
FIG. 24: The contour plot of one-loop effective potential for R3×S1 SU(3) gauge theory with one
fundamental fermion with periodic boundary condition ((Nf , Na) = (1, 0) with PBC) (Vg+V0f )L4.
2. Phase diagram with non-perturbative deformation
In Fig. 26, we depict the phase diagram for R3×S1 SU(3) gauge theory with (Nf , Na) =
(0, 1) with PBC based on the nonperturbatively deformed gluonic potential. As an example,
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FIG. 25: The contour plot of one-loop effective potential for R3 × S1 SU(3) gauge theory with
the Na = 1 adjoint fermion with anti-periodic boundary condition ((Nf , Na) = (0, 1) with aPBC)
(Vg + V1/2a )L4.
we consider the following modification from the perturbative potential in [29, 30, 72, 73]:
Vnpg = −
2
L4π2
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(
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N
δij
)cos(2nπqij)
n4
+
M2
2π2L2
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∞∑
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N
δij
)cos(2nπqij)
n2
(A1)
where M is the mass-dimension 1 parameter. We set the scale parameter as M = 596
MeV. The confined phase and the first-order phase transition show up, but it is merged into
the gauge-broken re-confined phase. We note that the SU(3) gauge symmetry is explicitly
broken in the confined (re-confined) phase.
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